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Abstract
We consider the ϕ1,3 off-critical perturbation M(m,m′; t) of the general non-unitary minimal models
where 2 ≤ m ≤ m′ and m,m′ are coprime and t measures the departure from criticality corresponding
to the ϕ1,3 integrable perturbation. We view these models as the continuum scaling limit in the
ferromagnetic Regime III of the Forrester-Baxter Restricted Solid-On-Solid (RSOS) models on the
square lattice. We also consider the RSOS models in the antiferromagnetic Regime II related in the
continuum scaling limit to Zn parfermions with n = m
′ − 2. Using an elliptic Yang-Baxter algebra
of planar tiles encoding the allowed face configurations, we obtain the Hamiltonians of the associated
quantum chains defined as the logarithmic derivative of the transfer matrices with periodic boundary
conditions. The transfer matrices and Hamiltonians act on a vector space of paths on the Am′−1 Dynkin
diagram whose dimension is counted by generalized Fibonacci numbers.
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1 Introduction
Since the pioneering work of Baxter [1, 2] on commuting transfer matrices, it is well established that
classical two-dimensional Yang-Baxter integrable statistical lattice models [3] are deeply related to
one-dimensional integrable quantum systems. Specifically, a one-dimensional quantum Hamiltonian H
is obtained by taking the logarithmic derivative of the commuting transfer matrices T (u) in the limit
u → 0. This Hamiltonian limit applies to many interesting examples of integrable two-dimensional
models with different symmetries, both at criticality and off-criticality, giving rise to various integrable
one-dimensional quantum spin chains. Notable off-critical examples include the two-dimensional Ising
model [4] and XY spin chain [5], two-dimensional Zn symmetric systems [6,7] and their associated Zn
spin chains [8], as well as the 8-vertex model and associated XYZ quantum spin chain considered by
Baxter [1, 2].
The XY, XYZ and Zn spin chains all have the property that the vector space of states V = ⊗NCd
factorizes over the sites, where d = 2 or n is the number of states per site. There are other interesting
classes of quantum Hamiltonians, however, for which the space of states V does not factorize over the
sites. In particular, the Restricted-Solid-On-Solid (RSOS) lattice models feature restrictions between
neighbouring sites that are encoded by path spaces [9] defined on Dynkin diagrams. At criticality,
these lattice models are described [10] by the RSOS or height representation of the Temperley-Lieb
algebra [11] and give rise to the Temperley-Lieb quantum chain in the Hamiltonian limit. The simplest
example at criticality is the golden chain [12] which has applications to anyons and topological quantum
field theory. The golden chain is in fact the Hamiltonian limit of a critical two-dimensional model of
interacting hard squares [13] built on a vector space of paths on the T2 ≡ A4/Z2 tadpole diagram.
In this paper, we are interested in a general formulation of (ϕ1,3 perturbed) off-critical RSOS
quantum chain Hamiltonians associated to the Yang-Baxter integrable two-dimensional A-type RSOS
models of Andrews, Baxter and Forrester [14,15]. Apart from their intrinsic interest, a recent motivation
arises from the exact computation of entanglement entropy [16] of one-dimensional quantum systems.
As an alternative to the well known methods [17–19] of computing entanglement entropy, this quantity
can be computed exactly [20, 21] on an infinite bipartite chain through an off-critical corner transfer
matrix [3,22] approach. In particular, the calculation of entanglement entropy has been carried out [23]
for the unitary minimal models [14, 24] and generalized to nonunitary minimal models in [25]. These
works, however, do not answer the physically relevant question as to precisely which one-dimensional
off-critical quantum system it is whose entanglement entropy is computed.
In Section 2, we recall the concepts of planar algebras [26] and the diagrammatic multiplication
of tiles by tensor contraction of indices (heights). We illustrate these concepts in the context of the
off-critical golden chain and off-critical Yang-Lee chain interpreting the states as particle occupation
with nearest-neighbour exclusion. In Section 3, we recall the elliptic Boltzmann face weights of the
off-critical Forrester-Baxter RSOS models [15] and rewrite these as face transfer operators in terms
of decorated planar algebra tiles. We also present sufficient algebraic relations to ensure the Yang-
Baxter Equations (YBE) are satisfied. In Section 4, we use the tile operator formalism to compute the
quantum Hamiltonian limit of the RSOS transfer matrix. We also show that specializing to criticality
reproduces the usual quantum Temperley-Lieb chains. Relevant properties of the elliptic functions are
summarized in Appendix A.
2 T2 RSOS Quantum Chains
2.1 Off-critical golden and Z3 parafermionic chains
The Interacting Hard Square (IHS) model [3, 13] is defined on a square lattice. A site of the lattice is
either occupied by a particle (a = 1) or is vacant (a = 0) subject to the nearest-neighbour exclusion
ab = 0 if a, b = 0, 1 are the occupancies of neighbouring sites. This adjacency condition is encoded in
the T2 = A4/Z2 tadpole diagram which is the Z2 folding of the A4 Dynkin diagram as shown in Figure 1.
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Figure 1: The Z2 folding of the A4 Dynkin diagram to the tadpole T2.
A configuration along a periodic row of the square lattice is given by a path σ = {σ1, σ2, . . . , σN} where
σj = 0, 1 and σjσj+1 = 0 for each j = 1, 2, . . . , N with σj+N ≡ σj modulo N . The counting of paths
from a to a in N steps with a = 0, 1 is given by FN+1 and FN−1 respectively where the Fibonacci
numbers are
Fn = Fn−1 + Fn−2 = 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, . . . n = 0, 1, 2, 3, . . . (2.1)
In terms of the golden number g = 12 (1+
√
5), the total number of periodic paths LN = FN+1+FN−1
is given by the Lucas numbers
LN = g
N + (−1)Ng−N = 1, 3, 4, 7, 11, 18, 29, 47, . . . N = 1, 2, 3, . . . (2.2)
The 45◦ rotated square lattice can be built, one elementary face at a time, using face transfer
matrices. The IHS face transfer operators Xj(u) acting at position j = 1, 2, . . . , N are defined by
Xj(u)
σ′
σ =
∏
k=1,2,...,N
k 6=j
δ(σk, σ
′
k)
σj
σj+1
σ′j
σj−1 u (2.3)
They act from the upper row configuration or path σ′ = {σ′1, σ′2, . . . , σ′N} to the lower row configuration
or path σ = {σ1, σ2, . . . , σN}. They act as the identity everywhere except in the column labelled by
j where they add a single face to the 45◦ rotated square lattice. Multiplication of the face operators
is by tensor contraction of indices given by the particle occupation numbers σj = 0, 1. As elements of
the planar algebra [26], the face operators decompose into a sum of seven elementary tiles
Xj(u) = u =
s(2λ+ u)
s(2λ)
+
s(2λ− u)
s(2λ)
+
s(λ− u)
s(λ)
(
+
)
+
s(λ+ u)
s(λ)
+
s(u)√
s(λ)s(2λ)
(
+
)
(2.4)
where s(u) = ϑ1(u) = ϑ1(u, q) is a standard elliptic theta function [27] of nome q, as in Appendix A, u
is the spectral parameter and the crossing parameter is λ = π5 . Here we work in the Z2 folding of the
A4 face weights (3.1) to (3.3) in the symmetric gauge ga =
√
s(aλ) . The physical regimes of interest
are
Regime II: 0 < q < 1, −λ < u < 0, Hard hexagons Z3 parafermions
Regime III: 0 < q < 1, 0 < u < λ, Tricritical Ising M(4, 5) minimal model (2.5)
We refer to the u > 0 Regime III as ferromagnetic and the u < 0 Regime II as antiferromagnetic. At
criticality, q = 0 and the central charges of the associated Conformal Field Theories (CFTs) are c = 45
4
for hard hexagons (in the universality class of Z3 parafermions) and c =
7
10 for the tricritical Ising
model (unitary minimal model M(4, 5)).
Regarding the elementary tiles as operators acting on the upper row configuration to produce the
lower row configuration, we write them respectively as
Ej = n
000
j , n
010
j , n
001
j , n
100
j , n
101
j , fj, f
†
j , n
000
j + n
010
j + n
001
j + n
100
j + n
101
j = I (2.6)
where nabcj denotes a diagonal projector onto paths with σj−1 = a, σj = b, σj+1 = c. The non-diagonal
operator fj ≡ f01j annihilates a particle at position j whereas f−j ≡ f †j ≡ f10j creates a particle at
position j. These operators are fermionic in the sense that f2j = f
2
−j = 0. However, they are not the
modes of a free fermion since they implement nearest neighbour exclusion and satisfy the modified
Canonical Anticommutation Relations (CAR)
{fj, fk} = (n000j + n010j )δ(j,−k) = n0•0j δ(j,−k) (2.7)
where nj = n
010
j = f
†
j fj is the number operator giving the occupation of site j, n
†
j = n
000
j = fjf
†
j and
n0•0j = n
000
j +n
010
j is the diagonal projector onto paths with σj−1 = σj+1 = 0. Each of the 5 projectors
can be writtem in terms of the fermion operators
n000j = fjf
†
j , n
010
j = f
†
j fj, n
100
j = f
†
j−1fjf
†
j fj−1, n
001
j = f
†
j+1fjf
†
j fj+1, n
101
j = f
†
j−1fj−1f
†
j+1fj+1 (2.8)
More generally, the fermionic modes fj generate an associative algebra A. Acting on the vector
space of paths from 0 to 0 in N −1 steps, the algebra A admits F 2N independent words w. These words
map between any two arbitrary paths and take the canonical form
w =
∏
j:σj=1
f †j |0〉〈0|
∏
k:σ′
k
=1
fk = |σ〉〈σ′|, |σ〉 =
∏
j:σj=1
f †j |0〉 (2.9)
where |0〉 = |0;N〉 denotes the vacuum path {σ1, σ2, σ3, . . . , σN} = {0, 0, 0, . . . , 0} and the projector
onto the vacuum state is
|0〉〈0| =
N−1∏
j=2
n000j =
N−1∏
j=2
fjf
†
j (2.10)
The matrix representatives of the words w ∈ A have entries which are all 0 or 1. The simplest
way to work with this algebra is graphically in the planar algebra so that, for example, the relation
fj−1n
100
j = n
000
j fj−1 = fjf
†
j fj−1 becomes
j−1
j
=
j
j−1
=
j−1
j
= |{0, 0, 0, 0}〉〈{0, 1, 0, 0}| (2.11)
Clearly, the elementary operators Ej of (2.6) mutually commute if they are not at the same or
adjacent sites
[Ej , Ek] = 0, |j − k| > 1 (2.12)
In addition, the elementary operators Ej satisfy the single-site relations
nabcj n
a′b′c′
j = δ(a, a
′)δ(b, b′)δ(c, c′)nabcj , f
ab
j f
b′a′
j = δ(b, b
′)fa,a
′
j (2.13)
nabcj f
b′b′′
j = δ(a, 0)δ(b, b
′)δ(c, 0) f bb
′′
j , f
bb′
j n
ab′′c
j = δ(a, 0)δ(b
′ , b′′)δ(c, 0) f bb
′′
j (2.14)
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where we set faaj = n
0a0
j for a = 0, 1. By using linearity and expanding out the 49 terms, the inversion
relation
Xj(u)Xj(−u) = s(λ− u)s(λ+ u)
s(λ)2
I,
a
bd u
g
b
c
d −u
=
s(λ− u)s(λ+ u)
s(λ)2
δ(a, c) (2.15)
follows immediately from the single-site relations and elliptic identities. This calculation is most easily
carried out separately in the four blocks labelled by 0a0, 100, 001, 101.
The Yang-Baxter equation
Xj(u)Xj+1(u+ v)Xj(v) = Xj+1(v)Xj(u+ v)Xj+1(u),
b′
a v
b
c
g
a u
d
c′
u+v =
d
c′
u
c
d
g′
b v
b′
a u+v (2.16)
can similarly be established by considering separately the four blocks labelled by 0ab0, 0a01, 10a0,
1001 and using two-site relations combined with suitable elliptic identities. For example, in the 10a0
block, the required two-site relations are
n10aj f
aa′
j+1n
10a′
j = f
a0
j+1n
100
j f
0a′
j+1 = f
a1
j+1n
101
j f
1a′
j+1, a, a
′ = 0, 1 (2.17)
These relations, along with the obvious compatibility relations such as
nabcj n
b′c′d
j+1 = δ(b, b
′)δ(c, c′)nabcj n
bcd
j+1 = δ(b, b
′)δ(c, c′)nbcdj+1n
ab′c′
j (2.18)
are straightforwardly read off from the diagrammatic product of elementary tiles. In this way, the
single-site, two-site, and compatibility relations on the elementary tiles are sufficient to guarantee that
the linear combination (2.4) is a solution of the YBE. In this sense, the elementary operators Ej ,
subject to the single-site, two-site, compatibility and commutation relations, generate an off-critical
associative Yang-Baxter algebra.
For periodic boundary conditions, the off-critical quantum Hamiltonian associated with the IHS
model is given by
H = ∓
N∑
j=1
hj , hj =
d
du
Xj(u)
∣∣∣
u=0
(2.19)
where the upper sign is taken in Regime III and the lower sign in Regime II. Explicitly, for the off-critical
quantum chain,
hj = t2 − t2 − t1
(
+
)
+ t1
+
ϑ′1(0)√
ϑ1(λ)ϑ1(2λ)
(
+
)
, t1 =
ϑ′1(λ)
ϑ1(λ)
, t2 =
ϑ′1(2λ)
ϑ1(2λ)
(2.20)
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2.2 Critical golden and Z3 parafermionic chains
At criticality q = 0, ϑ1(u)ϑ1(λ) =
sinu
sinλ , t1 = cotλ, t2 = cot 2λ and the Temperley-Lieb Hamiltonian of the
periodic chain is
HTL =


−
N∑
j=1
ej , Regime III (golden chain)
+
N∑
j=1
ej , Regime II (Z3 parafermions)
(2.21)
where, setting β = 2cos λ = sin 2λsinλ , the Temperley-Lieb generator is
ej = Xj(λ) =
t1I + hj
t1 + t2
= +
1
β
+ β +
1√
β
(
+
)
(2.22)
The properties of the Temperley-Lieb generators
e2j = βej , ejej±1ej = ej (2.23)
follow from the algebraic properties of the fermionic operators fj. In the ordered particle basis {{1, 0, 1},
{0, 0, 1}, {1, 0, 0}, {0, 1, 0}, {0, 0, 0}}, the matrix representation
β−1 ej = diag(1, 0, 0) ⊕
(
β−2 β−3/2
β−3/2 β−1
)
(2.24)
agrees with the critical golden chain of [12]. Off-criticality, the solution of the Yang-Baxter is built from
the fermionic planar algebra and, at criticality, the Temperley-Lieb algebra is expressed in terms of the
fermionic planar algebra. It is therefore clear that the fermionic planar algebra is more fundamental
than the Temperley-Lieb algebra.
2.3 Off-critical Yang-Lee chain
The off-critical Yang-Lee model is the Z2 folding of the A4 RSOS model of [15] with crossing parameter
λ = 3π5 . The face operators decompose into a sum of the same seven tiles as in (2.4)
Xj(u) = u =
s(2λ+ u)
s(2λ)
+
s(2λ− u)
s(2λ)
+
s(λ− u)
s(λ)
(
+
)
+
s(λ+ u)
s(λ)
+
s(u)
s(2λ)
+
s(u)
s(λ)
(2.25)
Because the model is nonunitary, we work with the Z2 folding of the A4 RSOS model (3.1) to (3.3)
with the non-symmetric gauge ga = 1. This choice breaks one of the diagonal reflection symmetries.
The seven elementary tiles include the particle creation f †j and annihilation operators fj. They satisfy
the same algebraic relations as in the IHS model (both in the planar setting and as linear operators
acting on the path basis) and implement nearest neighbour exclusion in the particle basis. From these
algebraic relations, it follows that the face operators Xj(u) satisfy the inversion relation (2.15) with
λ = 3π5 and the YBE (2.16). The relevant physical regime for the off-critical Yang-Lee model is
Regime III: 0 < q < 1, 0 < u < λ, Lee-Yang M(2, 5) minimal model (2.26)
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The continuum scaling limit at criticality with q = 0 describes the nonunitary minimal CFT M(2, 5)
with central charge c = −225 . Within the CFT, the relation between the particle basis and the Virasoro
basis has been discussed in [28].
For periodic boundary conditions, the off-critical quantum Hamiltonian associated with the Yang-
Lee model is
H = −
N∑
j=1
hj , hj = t2 − t2 − t1
(
+
)
+ t1
+
ϑ′1(0)
ϑ1(2λ)
+
ϑ′1(0)
ϑ1(λ)
, t1 =
ϑ′1(λ)
ϑ1(λ)
, t2 =
ϑ′1(2λ)
ϑ1(2λ)
(2.27)
2.4 Critical Yang-Lee chain
At criticality q = 0, ϑ1(u)ϑ1(λ) =
sinu
sinλ , t1 = cotλ, t2 = cot 2λ and the Temperley-Lieb Hamiltonian of the
periodic chain is
HTL = −
N∑
j=1
ej , Regime III (Yang-Lee chain) (2.28)
where, setting β = 2cos λ = sin 2λsinλ , the Temperley-Lieb generator is
ej = Xj(λ) =
t1I + hj
t1 + t2
= +
1
β
+ β +
1
β
+ (2.29)
Again, the properties of the Temperley-Lieb generators
e2j = βej , ejej±1ej = ej (2.30)
follow from the algebraic properties of the fermionic operators fj.
3 Forrester-Baxter RSOS Models
3.1 Face weights, face operators and tiles
The minimal models M(m,m′; t), where t = q2 is a temperature-like variable, are described by the
continuum scaling limit of the Forrester-Baxter Restricted Solid-On-Solid (RSOS) models [14, 15] on
the square lattice. These models possess heights a = 1, 2, . . . ,m′−1 restricted so that nearest neighbour
heights on the edges of the square lattice differ by ±1. The heights thus live on the Am′−1 Dynkin
diagram. The Boltzmann weights are
ω1,a(u) =W
(
a± 1 a
a a∓ 1
∣∣∣∣u
)
=
a a∓1
aa±1
u =
s(λ− u)
s(λ)
a a∓1
aa±1
(3.1)
ω±2,a(u) =W
(
a a± 1
a∓ 1 a
∣∣∣∣u
)
=
a∓1 a
a±1a
u =
ga∓1
ga±1
s((a± 1)λ)
s(aλ)
s(u)
s(λ)
a∓1 a
a±1a
(3.2)
ω±3,a(u) =W
(
a a± 1
a± 1 a
∣∣∣∣u
)
=
a±1 a
a±1a
u =
s(aλ± u)
s(aλ)
a±1 a
a±1a
(3.3)
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Here s(u) = ϑ1(u, q) is a standard elliptic theta function [27], as in Appendix A, and u is the spectral
parameter. The crossing parameter is
λ =
(m′ −m)pi
m′
, 2 ≤ m < m′, m,m′ coprime (3.4)
The elliptic nome is q, with t = q2 measuring the departure from criticality corresponding to the ϕ1,3
integrable perturbation. The gauge factors ga are arbitrary functions of a. For convenience, we set
ga = 1 but note that this choice breaks the Z2 refection symmetry about the SE-NW diagonal. The Z2
refection symmetry about the SW-NE diagonal is preserved. Setting n = m′ − 2, the physical regimes
of interest are
Regime II: 0 < q < 1 −λ < u < 0 Zn parafermions
Regime III: 0 < q < 1 0 < u < λ M(m,m′) minimal model (3.5)
The tiles in (3.1) to (3.3) with dashed diagonals will be explained below. By abuse of notation, we
regard such tiles as either scalars (matrix entries) or as operators (matrices) in a planar algebra. Fixing
the direction of action as upwards, the faces give linear operators acting on a path space of heights.
The RSOS face transfer operator Xj(u), acting at position j = 1, 2, . . . , N , has entries
Xj(u)
σ′
σ =
∏
k=1,2,...,N
k 6=j
δ(σk, σ
′
k)
σj
σj+1
σ′j
σj−1 u (3.6)
The face operators act from the upper row configuration or path σ′ = {σ′1, σ′2, . . . , σ′N} to the lower
row configuration or path σ = {σ1, σ2, . . . , σN} and add a single face to the 45◦ rotated square lattice.
The Xj(u) act as the identity (Kronecker delta) everywhere except on the column labelled by j. The
row configurations with σj, σ
′
j ∈ Am′−1 respect the local adjacency rules so that σj+1−σj = ±1, etc.
The boundary conditions can be open or periodic σj+N ≡ σj by interpreting the sites j modulo N .
The number of paths for given boundary conditions is counted by generalized Fibonacci numbers. For
periodic boundary conditions, the number of N -step paths is given by TrANm′−1 where Am′−1 denotes
the adjacency matrix.
Following Jones [26], it is sometimes convenient to adopt a diagrammatic planar algebra viewpoint.
In our elliptic planar algebra, multiplication is implemented by local tensor contraction with the heights,
denoted by a, b, c or σj, as indices. We thus decompose the face operators into a linear sum of elementary
tiles with coefficients given by the elliptic Boltzmann weights
Xj(u) = X
a′b′c′
a b c (u) =
b
c
b′
a u = ω1,b(u) δ(b, b
′)δ¯(a, c)
b
c
b′
a + ωb
′−a
2,a (u) δ(a, c)δ¯(b, b
′)
b
c
b′
a
+ ωb
′−a
3,a (u) δ(a, c)δ(b, b
′)
b
c
b′
a (3.7)
= ω1,b(u)
b
c
b′
a + ωb
′−a
2,a (u)
b
c
b′
a + ωb
′−a
3,a (u)
b
c
b′
a (3.8)
where we have introduced the complementary Kronecker delta
δ¯(a, b) = 1− δ(a, b) =
{
0, a = b
1, a 6= b (3.9)
A blue internal dashed line in a tile indicates a Kronecker delta and a red internal dashed line on a
diagonal indicates a complementary Kronecker delta. For convenience, we have made the identifications
a = σj−1, b = σj, c = σj+1 and b
′ = σ′j. We will continue to make such identifications without further
comment.
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3.2 Inversion relation and YBE
The Forrester-Baxter RSOS models are Yang-Baxter integrable [3, 14, 15]. The face operators satisfy
the inversion and Yang-Baxter Equations (YBE)
Xj(u)Xj(−u) = s(λ− u)s(λ+ u)
s(λ)2
I, Xj(u)Xj+1(u+ v)Xj(v) = Xj+1(v)Xj(u+ v)Xj+1(u) (3.10)
c
b′
a −u
b
c
g
a u
=
s(λ− u)s(λ+ u)
s(λ)2
δ(b, b′)
b′
a v
b
c
g
a u
d
c′
u+v =
d
c′
u
c
d
g′
b v
b′
a u+v (3.11)
The solid circle indicates that the internal heights g, g′ are summed over allowed values.
The elementary tile operators encode and impose the adjacency conditions of the allowed faces.
In the height representation, given by action on configurations of rows of heights, the elementary tile
operators Ej are represented by binary matrices with entries
Ej = E
a′b′c′
a b c = δ(a, a
′)δ(c, c′)
b
c
b′
a = 0, 1 (3.12)
where b = σj , b
′ = σ′j and so on. As linear operators, these matrices act as the identity everywhere
except on the column labelled by j. The elementary tile operators Ej satisfy a Yang-Baxter algebra in
the form of a simple cell calculus which mimics the inversion relation and YBE
c
b′
a
b
c
g
a
=
b
c
b′
a
b′
a
b
c
g
a
d
c′
=
d
c′
c
d
g′
b
b′
a EjEk = EkEj , |j − k| > 1 (3.13)
The principal difference is that there is no sum on the internal heights g, g′. These relations hold for
all allowed elementary tile operators and all allowed fixed values of g, g′. The tile operators, with the
defining relations (3.13), replace the Pauli spin matrices (σxj , σ
y
j , σ
z
j ) of the usual spin-
1
2 quantum spin
chains or the generators ej of the critical q = 0 (trigonometric) Temperley-Lieb [11] chains.
The inversion relation involves linear operators on the single site j acting on 2-step paths (N = 3)
whereas the YBE involves linear operators on the 2 sites j, j+1 acting on 3-step paths (N = 4).
Generically, these identities therefore reduce to identities on 4× 4 and 8× 8 matrices with the ordered
bases BN of paths
B3 = {(a, a+1, a+2), (a, a+1, a), (a, a−1, a), (a, a−1, a−2)} (3.14)
B4 = {(a, a+1, a+2, a+3), (a, a+1, a+2, a+1), (a, a+1, a, a+1), (a, a−1, a, a+1),
(a, a+1, a, a−1), (a, a−1, a, a−1), (a, a−1, a−2, a−1), (a, a−1, a−2, a−3)} (3.15)
Explicitly, the 4× 4 and two 8× 8 matrices are
Xj(u) =


ω1,a(u) 0 0 0
0 ω+3,a(u) ω
−
2,a(u) 0
0 ω+2,a(u) ω
−
3,a(u) 0
0 0 0 ω1,a(u)

 (3.16)
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Xj(u) =


ω1,a(u) 0 0 0 0 0 0 0
0 ω1,a(u) 0 0 0 0 0 0
0 0 ω+3,a(u) ω
−
2,a(u) 0 0 0 0
0 0 ω+2,a(u) ω
−
3,a(u) 0 0 0 0
0 0 0 0 ω+3,a(u) ω
−
2,a(u) 0 0
0 0 0 0 ω+2,a(u) ω
−
3,a(u) 0 0
0 0 0 0 0 0 ω1,a−1(u) 0
0 0 0 0 0 0 0 ω1,a−1(u)


(3.17)
Xj+1(u) =


ω1,a+2(u) 0 0 0 0 0 0 0
0 ω+3,a+1(u) ω
−
2,a+1(u) 0 0 0 0 0
0 ω+2,a+1(u) ω
−
3,a+1(u) 0 0 0 0 0
0 0 0 ω1,a(u) 0 0 0 0
0 0 0 0 ω1,a(u) 0 0 0
0 0 0 0 0 ω+3,a−1(u) ω
−
2,a−1(u) 0
0 0 0 0 0 ω+2,a−1(u) ω
−
3,a−1(u) 0
0 0 0 0 0 0 0 ω1,a−2(u)


(3.18)
The complete list of elementary tile identities used to prove the inversion relation and YBE are
presented graphically and algebraically in Appendix B. For generic λ, the required ϑ1(u) elliptic
identities are all special cases of the fundamental identity (A.5) of Appendix A. Due to truncation
of heights in the RSOS models, we need to remove some terms from the fundamental identities if
their heights refer to configurations which are not allowed. Such restrictions enter the equations when
a = 1, 2,m′ − 2 or m′ − 1. The elliptic identities still hold in such cases due to the properties
ϑ1(−u) = −ϑ1(u) = ϑ(u+ pi), ϑ1(m′λ) = 0 (3.19)
3.3 Periodic row transfer matrices
The periodic transfer matrix T (u) acting between the rows or paths σ = {σ1, σ2, . . . , σN = σ0} and
σ′ = {σ′1, σ′2, . . . , σ′N = σ′0} has entries
T (u)σ
′
σ =
N∏
j=1
X
σ′j ,σ
′
j+1,σj+1
σ′j ,σj ,σj+1
(u) (3.20)
The transfer matrix commutes with the shift operator Ω = T (0) with entries
Ωσ
′
σ =
N∏
j=1
δ(σj , σ
′
j+1) =
σ1 σ2
σ′2σ
′
1
σ3
σ′3
σN−1 σN
σ′Nσ
′
N−1
σ1
σ′1
(3.21)
4 Am′−1 RSOS Quantum Hamiltonians
4.1 Off-critical RSOS quantum Hamiltonians
The quantum Hamiltonian H is given by the logarithmic derivative of the row transfer matrix at u = 0
T (u) ∼ Ωexp(−uH) ∼ Ω[1− uH +O(u2)], −H = d
du
log T (u)
∣∣
u=0
=
d
du
[
Ω−1 T (u)
]
u=0
(4.1)
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It follows that after shifting the energy by an amount s
′(λ)
s(λ)
−H =
N∑
j=1
[s′(0)
s(λ)
Fj +Xj
]
, s′(0) = ϑ′1(0, q) = ϑ2(0, q)ϑ3(0, q)ϑ4(0, q) (4.2)
where
Fj=
s(σ′jλ)
s(σj+1λ)
σj
σj+1
σ′j
σj−1 , Xj=
[s′(λ)
s(λ)
− s
′(0)
s(λ)
s(σ′jλ)
s(σj+1λ)
+(σ′j−σj+1)
s′(σj+1λ)
s(σj+1λ)
]
σj
σj+1
σ′j
σj−1 (4.3)
and s′(u) = ϑ′1(u, q) denotes the derivative of s(u) with respect to u. In this derivation we have made
use of the identities
σj
σj+1
σ′j
σj−1 +
σj
σj+1
σ′j
σj−1 =
σj
σj+1
σ′j
σj−1 ,
σj
σj+1
σ′j
σj−1 +
σj
σj+1
σ′j
σj−1 = I (4.4)
which follow from the scalar relation δ(a, b) + δ¯(a, b) = 1.
4.2 Critical RSOS quantum chains
At criticality, with q = 0 and ga = 1, the nonzero Boltzmann weights reduce to
W
(
d c
a b
∣∣∣∣ u
)
=
s(λ−u)
s(λ)
δ(a, c) +
s(cλ)
s(bλ)
s(u)
s(λ)
δ(b, d) (4.5)
with s(u) = sinu. The second term gives rise to matrix representations [29] of the Temperley-Lieb
generators ej acting on paths built on the graph Am′−1. The associated face operators are
Xj(u) =
b
c
b′
a u =
s(λ−u)
s(λ)
I +
s(u)
s(λ)
ej =
s(λ−u)
s(λ)
δ(b, b′)
b
c
b′
a +
s(u)
s(λ)
δ(a, c)
b
c
b′
a (4.6)
where I is the identity matrix and j = 1, 2, . . . , N fixes the position along a row. At criticality, the
Temperley-Lieb generators coincide with the tiles Fj
ej = δ(a, c)
b
c
b′
a =
s(b′λ)
s(cλ)
b
c
b′
a = Fj (4.7)
and satisfy the Temperley-Lieb relations (2.23) with the loop fugacity β = 2cos λ = 2cos (m
′−m)π
m′ . The
Xj operators vanish at criticality since σ
′
j − σj+1 = ±1 and
cot λ± cot bλ = sin(b± 1)λ
sinλ sin bλ
(4.8)
5 Conclusion
In this paper, we obtain the off-critical Hamiltonians of the periodic quantum chains corresponding
to the RSOS lattice models in the anisotropic limit. This was achieved in both the ferromagnetic
(u > 0) Regime III and antiferromagnetic (u < 0) Regime II. Off-criticality, for t = q2 > 0, these
regimes are associated with Z2-ordered and Zn-ordered phases respectively with n = m
′ − 2. As
the critical point is approached (t, q → 0), the RSOS chains become conformally invariant and are
described, in the continuum scaling limit, by CFTs. In Regime III, the RSOS chains are associated
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with the unitary/nonunitary minimal models M(m,m′) with 2 ≤ m ≤ m′ whereas, in Regime II, the
RSOS chains are associated with Zn parafermions with n = m
′ − 2. We have thus found an off-critical
quantum chain realization of the minimal models perturbed by the thermal operator ϕr,s = ϕ1,3 with
∆1,3 =
2m−m′
m′ as well as a quantum chain realization of Zn parafermions perturbed by the thermal
operator ϕℓ,m = ϕ2,0 with ∆t = ∆2,0 =
2
n+2 . We stress that our analysis in Regime III applies equally
to nonunitary models and there is no need to restrict to unitary minimal models. Of course, it is
possible to write all of the RSOS Hamiltonians in terms of Pauli spin matrices. But, since this is not
the natural language for these models, the resulting expressions are unwieldy and not illuminating.
At criticality, our quantum chains are associated with generalized interacting anyons in topological
quantum liquids [12].
Although we focused on the single row transfer matrix with periodic boundary conditions, the same
critical or off-quantum chains apply to the case of double row transfer matrices with simple (vacuum)
open boundary conditions. Although the nonunitary RSOS lattice models admit negative Boltzmann
weights and do not have a clear probabilistic interpretation, the associated quantum Hamiltonians
and CFTs are well defined. The quantum Hamiltonians, being represented by sparse matrices, are
much better suited for numerical calculations than the full double row transfer matrices. Empirically,
the numerical spectra of the double row transfer matrices and associated chains are real and the
matrices are diagonalizable even though these matrices are not symmetric (Hermitian). This is probably
explained by some PT symmetry. A complete analysis of the open off-critical RSOS quantum chain
looks interesting and is a possible direction for future research. But let us just summarise the qualitative
properties of the spectra of these open off-critical quantum chains. The numerical eigenvalues are real
and consist of a finite number (2n in Regime II, 2m− 2 in Regime III in the RSOS representation) of
asymptotically degenerate lowest energy levels (ground states) separated by a finite gap to an order-N
band of next-lowest eigenvalues. As t→ 0, the gap vanishes and the expected conformal spectra of the
Zn parafermions/minimal models is reproduced.
To conclude, we mention that our results fill a gap in the reasoning of recent investigations into
the exact calculation [23, 25] of bipartite quantum entanglement in infinite chains through the corner
transfer matrix approach [20]. Corner transfer matrices [22] were introduced for classical off-critical
two-dimensional lattice models. However, entanglement is a quantum property and refers to the
associated one-dimensional quantum chain. It is precisely the Hamiltonian of this off-critical quantum
chain that has been found and described here. Now we know the correct identification of the models
underlying the results of [23,25], it is possible, for example, to perform numerical DMRG calculations
to explore entanglement properties more deeply by considering finite intervals, finite size, and so on.
In particular, the observed behaviour [25] of entanglement entropy growing as 13 ceff log ξ, where ξ is
the correlation length, provides the first independent confirmation of general first principle results [30]
for the entanglement entropy of nonunitary conformal models. The precise physical meaning of these
results for nonunitary theories poses further interesting questions that will stimulate future research.
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A Elliptic Functions
For convenience, in this section, we summarize the definitions of the elliptic functions and the
fundamental elliptic identity used in this paper. The standard elliptic theta functions [27] are
ϑ1(u, q) = 2q
1/4 sinu
∞∏
n=1
(1− 2q2n cos 2u+ q4n)(1 − q2n) (A.1)
ϑ2(u, q) = 2q
1/4 cos u
∞∏
n=1
(1 + 2q2n cos 2u+ q4n)(1 − q2n) (A.2)
ϑ3(u, q) =
∞∏
n=1
(1 + 2q2n−1 cos 2u+ q4n−2)(1 − q2n) (A.3)
ϑ4(u, q) =
∞∏
n=1
(1− 2q2n−1 cos 2u+ q4n−2)(1 − q2n) (A.4)
Setting s(u) = ϑ1(u, q), the fundamental elliptic identity as in (15.3.10) of [3] is
s(u+v)s(u−v)s(x+y)s(x−y) = s(u+x)s(u−x)s(v+y)s(v−y)−s(u+y)s(u−y)s(v+x)s(v−x) (A.5)
B RSOS Elementary Tile Identities
The complete list of elementary tile identities used to prove the inversion relation and YBE for the
generic RSOS models are presented graphically in the next two subsections. The tile identities are
summarised algebraically in the subsequent subsection.
B.1 Inversion relation tile identities
a+ 2
a+1
a
a+1
a+2
a+1
a
=
a+1
a+2
a+1
a ,
a
a+1
a
a+1
a
a−1
a
=
a+1
a
a+1
a ,
a
a+1
a
a+1
a
a+1
a
=
a+1
a
a+1
a (B.1)
a
a+1
a
a−1
a
a−1
a
=
a−1
a
a+1
a ,
a
a+1
a
a−1
a
a+1
a
=
a−1
a
a+1
a ,
a
a−1
a
a−1
a
a−1
a
=
a−1
a
a−1
a (B.2)
a
a−1
a
a−1
a
a+1
a
=
a−1
a
a−1
a ,
a
a+1
a
a−1
a
a−1
a
=
a−1
a
a+1
a ,
a
a+1
a
a−1
a
a+1
a
=
a−1
a
a+1
a (B.3)
a−2
a−1
a
a−1
a−2
a−1
a
=
a−1
a−2
a−1
a (B.4)
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B.2 YBE tile identities
a+1
a
a+1
a a+2
a+3
a+2
a+1 =
a+3
a+2
a+2
a+3
a+2
a+1
a+1
a ,
a+1
a
a+1
a a+2
a+1
a+2
a+1 =
a+1
a+2
a+2
a+1
a
a+1
a+1
a (B.5)
a+1
a
a+1
a a+2
a+1
a
a+1 =
a+1
a
a+2
a+1
a
a+1
a+1
a ,
a−1
a
a+1
a a+2
a+1
a
a+1 =
a+1
a
a+2
a+1
a
a+1
a−1
a (B.6)
a+1
a
a+1
a a
a+1
a+2
a+1 =
a+1
a+2
a
a+1
a
a+1
a+1
a ,
a+1
a
a+1
a a
a+1
a+2
a+1 =
a+1
a+2
a
a+1
a+2
a+1
a+1
a (B.7)
a+1
a
a+1
a a
a+1
a
a−1 =
a+1
a
a
a+1
a
a+1
a+1
a ,
a+1
a
a+1
a a
a+1
a
a−1 =
a+1
a
a
a+1
a+2
a+1
a+1
a (B.8)
a+1
a
a+1
a a
a+1
a
a+1 =
a+1
a
a
a+1
a
a+1
a+1
a ,
a+1
a
a+1
a a
a+1
a
a+1 =
a+1
a
a
a+1
a+2
a+1
a+1
a (B.9)
a−1
a
a+1
a a
a+1
a
a−1 =
a+1
a
a
a+1
a
a+1
a−1
a ,
a−1
a
a+1
a a
a+1
a
a+1 =
a+1
a
a
a+1
a
a+1
a−1
a (B.10)
a+1
a
a−1
a a
a+1
a+2
a+1 =
a+1
a+2
a
a+1
a
a−1
a+1
a ,
a+1
a
a−1
a a
a+1
a
a−1 =
a+1
a
a
a+1
a
a−1
a+1
a (B.11)
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a+1
a
a−1
a a
a+1
a
a+1 =
a+1
a
a
a+1
a
a−1
a+1
a ,
a−1
a
a−1
a a
a+1
a
a−1 =
a+1
a
a
a+1
a
a−1
a−1
a (B.12)
a+1
a
a+1
a a+2
a+1
a
a+1 =
a+1
a
a+2
a+1
a+2
a+1
a+1
a ,
a−1
a
a−1
a a
a+1
a
a+1 =
a+1
a
a
a+1
a
a−1
a−1
a (B.13)
B.3 Algebraic form of tile identities
The tile identities of the previous sections can all be written in a more compact form algebraically in
terms of the elementary operators
dj =
σj
σj+1
σ′j
σj−1 , fj =
σj
σj+1
σ′j
σj−1 , xj =
σj
σj+1
σ′j
σj−1 (B.14)
Explicitly, the identities are
d2j = dj, f
2
j = xj, x
2
j = xj , xjfj = fj, fjxj = fj (B.15)
fjfj+1fj = fj+1fjfj+1, djxj+1dj = fj+1xjfj+1, djfj+1xj = fj+1xjxj+1
djfj+1xj = xj+1djfj+1, djfj+1dj = fj+1fjdj+1, xjfj+1dj = xj+1xjfj+1
xjfj+1dj = fj+1djxj+1, fjdj+1fj = xj+1xjxj+1, fjdj+1fj = fj+1djfj+1
xjxj+1xj = xj+1xjxj+1, xjxj+1xj = fj+1djfj+1, fjdj+1xj = xj+1fjdj+1
xjxj+1fj = xj+1fjdj+1, fjfj+1dj = dj+1fjfj+1, xjdj+1fj = dj+1fjxj+1
fjxj+1xj = dj+1fjxj+1, xjdj+1xj = dj+1xjdj+1, fjxj+1fj = dj+1xjdj+1
(B.16)
The elementary operators dj and xj are diagonal operators. In contrast, the operators fj with
σj > σ
′
j are height raising while the operators f−j = f
†
j with σj < σ
′
j are height lowering operators.
The operators fj are fermionic in the sense that f
2
j = 0. All states |σ〉 can be obtained by acting with
the height raising operators on the vacuum path |0〉 = {1, 2, 1, 2, . . . , 2, 1}. As before, it follows that all
words |σ〉〈σ| in the algebra can be constructed as monomials in fj and f †j combined with the projector
|0〉〈0| onto the vacuum state.
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